Particle morphology is an essential characteristic in determining the mechanical properties of natural sands. Based on micro x-ray computed tomography data, this paper introduces a mathematical approach using spherical harmonics (SHs) to characterise and reconstruct particle morphology in three dimensions. The basic geometric properties of natural sand particles (volume and surface area) and two empirical engineering indices (sphericity and convexity) are the main focus of the investigation on validating the efficiency of SH analysis. This approach is shown to be a robust technique for reproducing particle morphology in terms of shape irregularity and surface texture when the maximum harmonic degree is greater than ten. By using principal component analysis for the obtained SH descriptors of the scanned particles, a virtual sand assembly, consisting of statistically reconstructed particles with random shapes but major morphological features, is successfully generated. This approach can be used in efficient discrete element modelling to further study the micromechanics of natural sands.
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INTRODUCTION
Discrete element method (DEM) analysis taking into account particle morphology plays an important role in understanding the micro-and macromechanical properties of natural sand, which has been of interest to geological and geotechnical engineers for many years. In this context, a large number of studies have been devoted to the DEM-orientated reconstruction of particle morphology. For example, by using overlapping disc/sphere clump logic, DEM-aided particle assemblies have been successfully generated with different irregular shapes, including ellipses (Mahmood & Iwashita, 2010) , rods (Azéma & Radjai, 2012) , polygons (Zhou et al., 2013) in a two-dimensional (2D) scenario and realistic three-dimensional (3D) shapes based on x-ray micro computed tomography (mCT) (Katagiri et al., 2010; Cil & Alshibli, 2012 . When carefully reviewing all of the modelling methods of a sand assembly, it is important to notice that the concept of 'random' or 'natural' particle shape has rarely been mentioned. Based on mCT information, the one-to-one DEM-aided particle morphology can be accurately reconstructed using the method of Ferellec & McDowell (2010) . However, the limitation that a large amount of repeated particles would be generated within a large assembly due to the finite number of scanned particle templates is obvious. In fact, for a natural sand, the micromorphology of the constituent particles is totally random and distinct from each other while containing some statistical features. To overcome this limitation, Mollon & Zhao (2013 proposed a statistical method to generate a virtual packing of particles with realistically complex yet controllable shapes based on the theory of random fields for spherical topology combined with a Fourier shape descriptor. The core objective of the current study was to reconstruct a large particle assembly with random shapes, while representing the major morphological characteristics of natural sands.
The key issue in achieving this objective is to introduce a quantitative and global descriptor that not only characterises but also reconstructs the sand particle morphology. A large number of morphological parameters, such as aspect ratio, roundness, sphericity, convexity and fractal dimensions, are commonly used in engineering (Krumbein & Sloss, 1963; Kolay & Kayabali, 2006) . As a single parameter gives only limited information about the particle features, a large set of parameters is always needed to plot a relatively comprehensive figure of the particle morphology.
Even so, no matter how many parameters are used as the input, they are still incapable of reconstructing a real particle. In order to overcome this limitation, a mathematical approach called the spherical harmonic (SH) series is introduced for the characterisation and reconstruction of particle morphology. Recently, this method has been widely used in biomedical image analysis (Chung et al., 2008) and computer graphics (Shen et al., 2009) . Earlier applications of SH analysis in engineering fields were successfully used to reconstruct the morphology of star-like concrete aggregates (Garboczi, 2002) and convex rock fragments (Saadatfar et al., 2005) .
The current paper first validates the efficiency of this approach by analysing scanned particles of Leighton Buzzard sand (LBS) and highly decomposed granite (HDG). All of the SH descriptors of the real sand particles were obtained based on their mCT images. Based on principal component analysis (PCA) of the obtained SH descriptors, a virtual LBS assembly was successfully reconstructed containing a large number of randomly shaped particles while representing the major morphological features of the real sand particles.
VALIDATION OF SPHERICAL HARMONIC ANALYSIS
Leighton Buzzard sand is a typical quartz sand characterised by chemical inertness and considerable hardness due to its major constituent minerals (e.g. silicon dioxide and feldspar). The major geological transportation processes make LBS particles sub-rounded and smooth, as demonstrated by the typical LBS particles shown in Fig. 1(a) . HDG is mainly derived from weathering and erosion of granitic rock outcrops, and its particle morphology is always characterised by angularity and roughness, as shown in Fig. 1(b) . Twenty LBS particles and four HDG particles were randomly picked from the screening packing, with sizes ranging from 1?18 to 2?36 mm. These selected particles were then scanned using a Phoenix nanome|x with a pixel size of 10 mm at the Advanced Engineering Material Facility of Hong Kong University of Science and Technology. As the input for SH analysis, three major steps are needed for image processing of the initial mCT data -image segmentation, boundary identification and noise removal.
Matlab (Mathworks, 2010) was used in this work; the image processing techniques are discussed in detail by Fonseca et al. (2012) . After these steps, a set of surface vertices with Cartesian coordinates V(x, y, z) of one given particle can be obtained.
As expressed in equation (1), the major goal of the SH analysis is to expand the polar radius of the real particle from a standard sphere and calculate the associated coefficients of the SH series, which is called the SH descriptor in this study
In equation (1), r(h, Q) is the polar radius from the particle centre with the corresponding spherical coordinates h [ ½0,p and Q [ ½0,2p, which can be obtained by the coordinate transformation of the surface vertices V(x, y, z), Y m n (h,Q) is the SH series given by equation (2) and a m n are the corresponding SH coefficients that need to be determined.
where P m n (x) are the associated Legendre functions, which can be easily obtained by using the built-in function 'legendre' in Matlab, and n and m are the degree and order of P m n (x), respectively. Note that n is a non-negative integer from zero to infinity according to the required fitting precision and thus the total number of one set of a m n is (n + 1) 2 . Taking r(h,Q) as the input on the left-hand side of equation (1), a linear system of equations can be obtained with (n + 1) 2 unknowns. Generally, in the mCT image of a scanned particle, the number of surface vertices is large enough to meet the precision requirement. Additionally, n max 5 12 has been shown to be adequate for most engineering applications by Garboczi (2002) . In this study, n max was set to 15 for all of the cases. According to the necessary condition of the system of linear equations, equation (1) will have an optimal solution if the total number of input surface vertices is greater than the (n max + 1) 2 unknowns. Adopting the standard least-squares estimation, Random generation of natural sand assembly using micro x-ray tomography and spherical harmonics it is easy to solve these linear equations and determine the optimised coefficients of a m n . By using the SH descriptor a m n obtained previously, it is possible to reconstruct the surface morphology using equation (3), and calculate the particle volume and surface area for validation Figure 2 visualises the SH reconstructions of the particle morphology of LBS01 (upper row) and HDG01 (lower row). Compared with their mCT images, it is clear that the SH reconstruction has an increasing level of resemblance to the actual particle morphology with the increasing degree n of the SH series. In the current study, n max was set to 15, which was found to be sufficient for the morphological reconstruction of both shape irregularity and surface texture, even for the highly irregular HDG particles. However, a more sophisticated morphological reconstruction representing higher levels of texture and roughness details might be anticipated, entailing higher resolution mCT scanning and a higher SH degree. Furthermore, based on the reconstructed vertices and meshes, it is easy to calculate the particle volume, surface area, sphericity and convexity for engineering applications. Taking LBS01 for validation, Fig. 3 shows the evolution of the particle volume and surface area of the SH reconstructions compared with the results from the mCT image analysis.
It was found that both particle volume and surface area converge rapidly to a stable value that matches the image processing result after n becomes greater than ten. Conclusively, it was found that the SH descriptor is capable of characterising and reconstructing the particle morphology of natural sands such as LBS and HDG. However, a more quantitative approach by investigating the topological mapping error between the SH reconstructed and scanned particle is necessary to calibrate a more reasonable SH degree n in future work, such as using signed distance functions (Osher & Fedkiw, 2003) .
RANDOM GENERATION OF NATURAL SAND ASSEMBLY
Because only four HDG particles were scanned, these cannot fully represent the statistical information of this sand. Therefore, in this section, the detailed process of the random generation of a natural sand assembly is illustrated mainly based on the obtained SH descriptors of the LBS particles. It is evident from the SH analysis that a total number of (n max + 1) 2 variables of a complete SH descriptor a m n is needed to reconstruct a particle. However, it is quite a difficult task to establish the quantitative correlation between these variables and the target particle morphology based on the limited information of the finite number of scanned particles. For this reason, the most important step here was to apply PCA (Jolliffe, 2005) for the obtained SH descriptors to reduce the dimensionality of the variables in the SH space.
To implement the PCA, two major transformations for the normalisation of the particle morphology were necessary, as illustrated in Fig. 4. N The original surface vertices were rotated until the principal directions of the particle inertia tensor were parallel to the global coordinate axes.
N The particle volume was scaled to the unit sphere.
The updated SH descriptor a 0m n of the normalised particle morphology can still be calculated by SH analysis. In this study, PCA was performed on the covariance matrix of the SH coefficients a 0m n of all the LBS particles. The major calculation was readily completed by invoking the intrinsic built-in function 'princomp' in Matlab, yielding two important outputs -the principal components (PCs) P and the corresponding eigenvalues l. Mathematically, PCs and their eigenvalues describe the major axes and contributions of the total morphological variance in the high-dimensional SH space. As shown in with the increase of the sequence number, and the first three PCs accounted for 52?3% of the total morphological variation. Each set of a 0m n can be reconstructed by these PCs with a score vector y, calculated by
where P is the PC matrix of dimensions M 6 d (M 5 (n max + 1) 2 is the number of all variables and d is the number of PCs used for reconstructing a 0m n ) and a 0m n is the mean vector of all a 0m n . Each set of a 0m n was then expressed by a 0m n~a 0m
The resulting PCs scores of equation (4) were complex numbers. However, the imaginary parts of scores of the first three PCs were infinitesimal relative to the real parts. For these reasons, the first three PCs were selected for the particle morphology reconstruction in the current study. Figure 6 shows the correlation of the scores of the first three PCs normalised by (l(i)) 1/2 (i 5 1, 2, 3). It is clear that the data points are randomly distributed in the whole area, lacking of any distinct correlation pattern. Additionally, the correlation coefficients between PC1 and PC2 ( Fig. 6(a) ) and PC1 and PC3 (Fig. 6(b) ) were infinitely small. These results clearly indicate that the scores of the first three PCs are largely independent of each other.
It is desirable now to investigate the probability density functions (PDFs) of the normalised scores of the first three PCs separately. Considering the finite number of particles, the cumulative distribution functions (CDFs) of the normalised PCs scores can be easily obtained, as shown in Fig. 7 . It is interesting to find that these three CDFs can be nicely fitted by the accumulation of a same standard normal distribution with m 5 0 and s 5 1. By using the independent PDFs of the normalised scores of the first three PCs, it is easy to reconstruct a random SH descriptor a a for a virtual particle developed by equation (5), as expressed bŷ
where P(i) is a vector of the ith PC and x i , N(0, 1 2 ) is a random real variable following the standard normal distribution. Figure 8 shows the reconstructed sand assembly containing 50 virtual LBS particles by using equation (6). Compared with the mCT images of the typical LBS particles in Fig. 1(a) , it can be observed that all of the virtual particles resemble the mother particles in the way that they retain the major morphological features of the mother particles although each particle has a unique and random shape. Figure 9 further shows the correlation between sphericity and convexity for all of the real and virtual LBS particles. All the virtual particle data were found to distribute around the scanned particle data, with the virtual Random generation of natural sand assembly using micro x-ray tomography and spherical harmonics particle data showing a little more scatter than the scanned particle data. As a whole, both kinds of data can be nicely fitted by the same trend line. These results demonstrate the effectiveness of PCA in the statistical reconstruction of irregularly shaped particles that contains the essential morphological features of the target sand particles. In the future, more PCs will be selected and the PDFs of their scores will be investigated considering both real and imaginary parts. It is expected that the morphological variation of higher level texture details can be fully represented by the virtual particles. In addition, more morphological parameters, including angularity, roundness and aspect ratios, of different sands will be investigated to further verify that the generated particles represent the major morphological features of real sand particles.
CONCLUSIONS
Based on x-ray micro computed tomography (mCT) data of a finite number of real sand particles, spherical harmonic (SH) descriptors could be obtained after image processing and SH analysis. These SH descriptors could be further used in characterising and reconstructing the 3D particle morphology and random generation of natural sand assemblies. Two major conclusions can be drawn from this study.
N SH analysis is a robust technique for representing particle morphology in terms of shape irregularity and surface textures. The precision of the SH reconstruction relies strongly on the mCT resolution and the maximum SH degree used. For natural sand particles such as Leighton Buzzard sand and highly decomposed granite, geometrical characteristics such as volume and surface area can be approximatively determined when the maximum SH degree is greater than ten.
N Statistically, by using PCA for the normalised SH descriptors of all scanned particles, a virtual sand assembly can be reconstructed with a large number of randomly shaped particles. Moreover, these virtual particles successfully reproduce the major morphological features of the mother particles in terms of sphericity and convexity.
Further development of the current study will focus on the DEM-aided reconstruction of natural sand assemblies, which will gain new insights into the micromechanical behaviour (e.g. kinematics and breakage) of sand particles compared with in situ experimental observations using mCT scanning.
